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1. INTRODUCTION 
Let u > 0 and let 
f(x) = (; log j-g” 
= f Anax”, (1) 
n=o 
e 
f(x, s,) = c A,=s,x”. 
?I=0 
If lims+l-of-l(x)f(x, s,J = s, we say that the sequence {sn> is &-convergent 
to s and write s, + s&C,). 
Let BEE = xz-0 A,= and let 
i 4% 
tax n !5?--.-. 
B7Za 
(2) 
If Cm,,, t,” = s, we say the sequence is,,} is [=-convergent and write 
srz - 40 
It is known (see [3, page 1921) that 
A,” N 
a(log n)“-1 
n 
and hence B,a N (log np. 
We shall prove 
THEOREM 1. s, + s(Z,) and s, -+ ~(1s) are equivalent for (Y > 0, /3 > 0. 
Since 
Bn=tna - B;,t;, = A,‘-?,, , 
we have the following limitation theorem. 
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THEOREM 2. Ifs, + s(t=), then s, = o(n log n). 
From Theorem 1 and Theorem 57 of [l], we get 
THEOREM 3. Ifs, -+ s(ta), then s, --f s(L,). 
From Theorem 3 and a Tauberian theorem for the (L,) summability (see 
[2]), we obtain 
THEOREM 4. Ifs, + s(ta), and if 
lim inf(s, - s,) >, 0, (3) 
when n > m + 00, (log n)/(log m) -+ 1, then S, --+ S. 
Since Ana > 0 for sufficiently large n, &a --f 00, ,f(x) + CD, the alteration 
of a finite number of Ana’s in either of the methods (&) and (L,) will give 
an equivalent method. Hence we obtain, from Theorem 57 in [l], 
THEOREM 5. s, + s(ta) impZies ,, -+ s(L,). 
We shall prove the following theorem in Sec. 3. 
THEOREM 6. Let p(x) = &, pnxn, P,, = Cr=, p, , where p0 > 0, p, 2 0 
(n > 1). If p(x) -p(x”) and p(x) -+ co as x + 1 - 0, then 
implies 
lim L i ps, = s 
n+m Pn “Al 
for s,, > - K, where K is a positive constant. 
The alteration of a finite number of p,‘s does not affect Theorem 6. 
Hence we have 
THEOREM 7. If s,, >, - K, and s, - s(LJ, then s, ---f s({~). 
In the last section, we shall prove 
THEOREM 8. Ifs, -+ s(LJ and (3) holds, the-n s, + s. 
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2. PROOF OF THEOREM I 
From (l), we obtain, by differentiation, 
Multiplying both sides by (I - x), and equating coefficients of xnfa--l, we 
get 
ar/l;-,-l = (n + Lx) A,” - (n + a - 1) A”,-1 . 
Hence 
Now 
We have 
A:+, A: - = 
A”” “;+1 (v + a+“;, A,“A;+l ’ 
where 
E, = AyB((v + a + 1) A:+,, - (v f a) d;) 
- A;@ + B + 1) ,4:+, - (v + B) -AT 
+ (/3 - a) z4,qAf+1 - -43 
z=z 
O (log y)a+s-3 ) ( --ye, . 
Hence 9 
A: A:+, __ = (log .)-a+B-l 
Ayrn A;+1 O( ” 1. 
It is now easy to prove that the transformation (4) is regular, and this gives 
the result. 
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3. PROOF OF THEOREM 6 
Without loss of generality, we assume that s, > 0 for all n. Let 4(x) = 0 
forO<x<cand+(x)=x-lforc<x<l.Choosea,bsothata+b=l 
and+(x)<ax+6forO<x<l.Then 
+ b ,QF~ 
( 
p-‘&4 f Pnw” 
?L=O 1 
= a hnpE ;!I (~-~(3) f p,,sn~~~) + bs 
?I=0 
= us + bs 
S. 
Now choose u’, b’ so that a’ + b’ = 1 and d(x) > u’x + b’ for 0 < x < 1. 
Then, by a similar argument, 
Hence 
= s. (5) 
Now let x - 1 - 0 in such a way that n + co, xn+l < c < xn. Then 
4(x’) = 0 for Y > n and 4(x”) = x-” for 1 < v < n. We have 
= ~opgx-qx~ - X2") 
G ; (P(X) - P(X”N 
= 4PW 
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and 
Hence 
pn = P(x) + 4PW 
i.e., P, -p(x). (5) reduces to 
?I 
‘,‘n-J $ 1 pvsy = s, + n GO 
which proves the theorem. 
4. PROOF OF THEOREM 8 
We require the following lemma which was proved in [2]. 
LEMMA. Let D(u) (U >, 0) be a strictly increasing continuous positiwe function 
suchthut@(u)-+c0asu+c0and@(n)-@(n-l)+Oasn.c0,undlet 
T(X) = f c,(x) s, . 
n=o 
Suppose that the following conditions are satisfied: 
(9 44 3 0, c,(x) - 0 (x -+ co), f c,(x) = 1. 
?l=O 
(ii) The coeficients c, have, in addition to (i), the properties: 
if N > x + co, @P(N) - Q(x) - co. 
88 KWEE 
(iii) Ifs(t) = s, for n < t < n + 1, then 
lim inf(s(t) - s(U)} 3 0 
when t > u--f co, Q(t) - Q(u) -+ 0; 
(iv) T(X) is bounded. 
Then s, is bounded. 
Let G(u) = log log ZJ and let 
T(X) = f-l(e-ll”) f (e-l/“, sJ 
where 
c,(x) = 
A ne-nl* 
-f4-_. 
f (e-11”) 
Conditions (i), (iii) and (iv) are clearly satisfied. 
We have 
go en(x) = f-l(e-ll”) f A,me-nlz 
n=O 
z 0 (f -l(e-l/z) 2 Anm) 
n=o / 
= 0( f -l(e-+) logol M) 
= o(1) 
asx>M+oo, loglogx-loglogM-+~. 
WhenN>s-+m, loglogN-loglogx4oz, 
n$N en(x) (@p(n) - @(IV)) =f-l(e-ll”) f A,ae-“l* log 8 
n==N 
= 0 f-‘(e-l/“) 
n=N 
= 0 ( (log x)-a f C!Y!E$T e-n/j ?l=N 
= 0 ((log x)-a f: 7 e-Y/X dy) 
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= 0 (($)=; &) 
= 0 ((25)'" &x) 
= o(l), 
Thus condition (ii) is also satisfied. 
By the lemma, (3) and S, + s(L,) implies that S, is bounded, and hence 
s, 4 s(e,) by Theorem 7. Finally s, -+ s by Theorem 4. 
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